THE SECOND VARIATIONAL FORMULA OF THE fc-ENERGY 
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Abstract. In [6], J.Eells and L. Lemaire introduced fc-harmonic maps, and 
Wang Shaobo "9^ showed the first variation formula. In this paper, we give the 
second variation formula of fc-energy, and give a notion of index, nullity and 
weakly stable. We also study fc-harmonic maps into the product Riemannian 
manifold, and fc-harmonic curves into a Riemannian manifold with constant 
sectional curvature, and show their non-trivial solutions. 



Introduction 

Theory of harmonic maps has been apphed into various fields in differential geom- 
etry. The harmonic maps between two Riemannian manifolds are critical maps of 
the energy functional E{(j)) = i /^^ for smooth maps (/) : M ^ N. 

On the other hand, in 1981, J. Eells and L. Lemaire ^ proposed the problem to 
consider the k-harmonic maps: they are critical maps of the functional 



where e/c(0) = ^\\{d + d*)''(j>\\'^ for smooth maps (j) : M N. G.Y. Jiang (5j studied 
the first and second variation formulas of the bi-energy E2, and critical maps of 
E2 are called biharmonic maps. There have been extensive studies on biharmonic 
maps. 

In 1989 Wang Shaobo [9] studied the first variation formula of the fc-energy Ek , 
whose critical maps are called /c-harmonic maps. Harmonic maps are always k- 
harmonic maps by definition. In this paper, we study fc-harmonic maps and show 
the second variational formula of Ek ■ 

In 21 we introduce notation and fundamental formulas of the tension field. 

In fj2l we recall /c-harmonic maps. 

In fJ31 we calculate second variation of the fc-energy Ek{4>)- 
In SjJl we show the reduction theorem of /c-harmonic maps into the product 
spaces. 

Finally, in we study fc-harmonic curve into Riemannian manifold with con- 
stant sectional curvature, and get non-trivial solution of fc-harmonic curve. Fur- 
thermore, we determine the ODE of the 3-harmonic curve equation into a sphere. 



Let (M, g) be an m dimensional Riemannian manifold, (N^ h) an n dimensional 
one, and (j> : M N, a. smooth map. We use the following notation. The second 
fundamental form B{(j)) of is a covariant differentiation \/d(f) of 1-form dcf), which 
is a section of q'^T*M (g) cj)-'^TN. For every X, F e T{TM), let 




1. Preliminaries 



(1) 



B{X,Y) = (V#)(X,y) = (Vxd0)(l") 

= Vxdc^{Y) - d<i>{VxY) = V^^(^)d0(y) - d4>{VxY). 
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Here, V,V^, V, V are the induced connections on the bundles TM, TN, <j)^^TN 
and T*M (g) c/i^'^TN, respectively. 

If M is compact, we consider critical maps of the energy functional 

(2) E{cp) = I ei^)vg, 

JM 

where e{4>) = ^||(i(/>||^ = ^{d4'{^i)j d(p{ei)) which is called the enegy density of 

(j), and the inner product (•, •) is a Riemannian metric h. The tension field T{(j)) of 
(j) is defined by 

m m 

(3) r{cl>) = ^(W(/.)(e„ e,) = ^(Ve,d</))(e,). 

1=1 i=l 

Then, </> is a harmonic map if t(0) = 0. 

The curvature tensor field R^{-, •) of the Riemannian metric on the bundle TN 
is defined as follows : 

(4) = V^V^- V^Vf - V|^.y], {X,YeT{TN)). 
A = V V = — X]fe"=i(^efc Ve^. — Cfc), is the rough Laplacian. 



2. fc-HARMONIC MAPS 

J. Eells and L. Lemaire proposed the notation of fc-harmonic maps. The 
Euler-Lagrange equations for the fc-harmonic maps was shown by Wang Shaobo 
[S]. In this section, we recall fc-harmonic maps. 

We consider a smooth variation {0t}tg/^(/(: = (— e, e)) of (j) with parameters i, 
i.e. we consider the smooth map F given by 

F:I,xM^N,Fit,p) = Mp), 

where F(0,p) = 4>o{p) — 4>{p)7 foraU p e M. 

The corresponding variational vector field V is given by 

Vip) = ^|t=o0t,o e T^(p)N, 
V are section of (j)-'^TN, i.e. V E r(0~iTA^). 

Definition 2.1 ([6]). For fc = 1, 2, • • • the k-energy functional is defined by 

Ek{^) = \l \\{d + d*f<l,fvg, 4>&C°-(M,N). 

Then, </> is k-harmonic if it is a critical point of Ek, i.e., for all smooth variation 
{(^t} of with 00 = 



Eki^t) = 0. 
t=o 



We say for a fc-harmonic map to be proper if it is not harmonic. 



Lemma 2.2 

St 



V^A' r(F)|t=o AV + A' R^{V,d(l){ej))d(f>{ej) 



^ a'"' {- Ve, (1/, ) ) A^~'" V(0) 
;=i 

-i?^(F,d0(e,))Ve,A'"'"V(</)) 
+ i?^(V^,d0(Ve,e,)A'"'"V((/.)}. 
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Proof. For all w G Tic/j-'^TN), 



d 



- Vv.^ e, V^w - R^'idFi-^^), dF(Ve, e,))^} 



d 



M 



Vi,V2 e r(0-iTiV). 

Proof. 

div((i?^(y, d0(e,))Fi, l^2)e.) =(Ve, (i^'^Cl/, d0(e.))'^"i, ■t^2)e„ ej) 

= {^e,R'^{V,dcp{e,))Vi,V2)e, 
+ {R"" {V,d4>{e,))VuVe,V2)e, 
+ (i?~(F,d0(e,))Vi,t/2)V„.e„e, 



□ 



+ i?^^(dF(-),dF(e,))Ve,o. 
- Vv.^ e, V^w - R''{dF{^), dF(Ve, e,) V}. 
Repeating this and using 

V^T(F)|t=o = -'EV + R'^ {V,d4>{e,))d(l){ej), 
we have the lemma. 

Lemma 2.3. 

s-l 

+ ^Ve.A'"'{-Ve,i?^(F,d0(e,))A'^"'"V(0) 

-i?^(l^,d0(e,))Ve,A'"'"V((/.) 
+ i?^(y,d</)(Ve,e,)A'"'"V(0)} 
+ i?^(y,#(e,))A'"V(0). 

Proof. 

V a Ve.A'"V(F) =Ve.V a A'"V(^^) +i?^(dF(^),d^^(e,))A'"V(F). 
And using Lemma 12.21 we have the lemma. □ 
Lemma 2.4. 

' {V,^R'^{V,dcp{ej))Vi-R''{V,d4>{W,^ej)),VuV2)vg 
= -( {R^(V,d<i>{e,))VuVe,V2)vg, 
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By Green's theorem, we have 



= / div(RN(V,d.^(ei))Vi,V2)eiVg 

JM 

= / (Ve,i?^(F,d0(e,)T^l,V^2))% 
JM 

+ (i?^(F,d0(e,)Fl,Ve,.T^2)% 

+ {R"" {V,dcj>{ei))Vi,V2){Ve,ei,ei)vg. 



Here, 



= -(i?^(F,#(Ve, 60)^1,^2). 

Therefore, we have the lamma. □ 
Theorem 2.5. Lei k = 2s (s = 1, 2, • • • ), 



where, 



T2s{cp) = - A t((/.) + i?^(A t{(I>), d(l){e,))e<t>{ej) 

-^a+l-2 , -f-s-l-1 

-i?"(A'+'"V(^),Ve.A-'"'"V(0))ci0(e,-)}, 



s-1 

+ ^{ii^(Ve,A^^'-\(<^),A^-'-V(,/.))#(e,-) 



where, A ^ = 0. 



Proof. 



^2«W= / ((d*d)---(d*rf).^,(d*d)---(d*d)0)Vg= / (A' V(.^),A' ^T{(l>))Vg 

JM '• V ' ^ V ' JM 
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By using Lemma and Lemma [2.41 we calculate 53ji'2s(0t)j 
{VoA'-\iF),A'-\iF))v,U=o 

M 



(-AV + A' R^{V,d<j)iej))dq^{e,) 

I 

s-l 

^A'"'{-Ve,i?^(V,d0(e,))A'"'"V(0) 



1=1 



-i?^(^,d</)(e,))Ve,A' ' V(0) 
+ d0(Ve, e,) A'"'" V(0), A'" V(0)}) 



M 



+ / (y,i?^(A T(^),d0(e,))d0(e,))^;g 
+ E / (-Ve,i?^(l/,d0(e,))A'"'"V(0) 



1 = 1 ■ 



IM 

-i?^(T/,d0(e,))Ve,A'~'~V(0) 
+ d</)(Ve,e,)A-'"'"V(0), A'+'"V(</)))^;5 

(5) ^//^'"^''"'^^'^^^"^ 

+ / (y,i?~(A'^"V(0),d0(e,))d0(e,))^;g 
Jm 

+ E{ / (i?^(^,'^'/'(e,))A^"'"V(0),Ve,A^^'"V(^))z;, 

+ / {-R^{V,dcb{e,)W,^A'-'-\{cl,)X^''^T{cb))vg} 
Jm 

JM 

+ / (y,i?^(A'^^V(0),d0(e,))d0(e,))«g 



I M 

s~l 



E{/ (i?'^(Ve,A^+'"V(</.),A^' '-\(4>))d<t>{e,),V)vg 
1=1 ■'^i 

f (i?^(A^+'-V(0),Ve,A^"'-V(0))d0(e,),F)^;J 

IM 

= I (T/,-A'^"V(0) + i?^(A'^'"V(0),d0(e,))d</'(e,) 

M 
s-l 



^{i?^(Ve, A^+'"V(0), A'^ V(0))d0(e,) 



-s+i-2 , -T-s-i-1 
(=1 

i?^(A'+''V(</)),Ve,A^''"V((/.))#(e,)})^;g. 



So we have the theorem. □ 
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Theorem 2.6. Let k = 2s + 1 (s = 0, 1, 2, • • • ), 
1 d 



2dt 



i?2.+l (</>*) 1 1=0 = / (T2.+ 1 (</)), F) 



M 



where, 



-S + l-l , ,, -7-S-i-l 

-i?^(A^+'"V(0),Ve,A'"'"V(0))d(/.(e,)} 



s-l 



+ ii;^(Ve.A' V('/'),A' V(0))d0(e,), 



where, A = 0. 



Proof. When s = 0, it is weU known harmonic map. So we consider the case of 
s = l,2,.... 



i^2.+i(<^)- / {d{d*d)---{d*d)(j),d{d*d)---{d*d)(j))vg 

Im ^ V ' V ' 



M 



By using Lemma [2.31 and Lemma [2.41 we calculate ^j^E2s+ii4't), 



= / (Vo Ve.A'"V(^^),Ve.A'"V(F))z;<,|t^o 
= / (-Ve.AV + Ve,A'"^i?^(t/,d<?!)(ej))d0(ej) 

J A/ 
s-l 

+ ^Ve.A'"'{-Ve,i?^(V^,d0(e,))A^~'"V(0) 



1=1 



- i?^(F,d0(e,))Ve.A""'"V(0) 
+ i?^(F,d0(Ve,e,)A'"'"V(0) 
+ i?^(F,d0(e,))A'"V(0),Ve.A'"V(0)})«g. 



Here, using 



(VeiWi, Ve^a;2)Wg = / {AuJi,UJ2)Vg, 
M JM 



(6) 
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where, wi,W2 G r{(l)^^TN), we have 

M 

+ f {R''{V,d(^{e,))d^{e,),-E^'-\mvg 

J M 

+ E/ (-Ve,i?^(^,rf0(e,))A^"'"V(</>) 
1=1 

-i?^(y,d<^(e,))Ve,A''''V(0) 
+ / (i?^(F,d0(e,))A'"V(0),Ve.A'^"V(0)))t;g 

J M 

{V, -A^'ricj)) + i?^(A''"V((/.), #(e,))d0(e,) 

M 

s-1 

+ ^{i?^(Ve,A^+'"V(0),A'^"'"V(0))d0(e,) 
1=1 

-i?^(A^+'-V(0),Ve,A^'~'"V(0))d0(e,)} 

+ i?^(Ve.A'^V(0),A'"V(0))d0(eO)z;g. 
So we have the theorem. □ 

By Theorem 12.51 12.61 we have the following [9] . 
Corollary 2.7. harmonic map is always k-harmonic map (k — 1,2,- ■ ■). 

For a' (A: = 1,2,---), we have Theorem 12. 101 First, we show the following two 
lemmas. 

Lemma 2.8. Let I = 1,2, ■■■ . If Ve, A^'"^V(0) = (i = 1, • • • , m), then 

aV(0) = 0. 



Proof. Indeed, we can define a global vector field e r(TAf) defined by 

rn 

(7) = ^(-Ve, A^'"'V(0), AV(0))e,. 

Then, the divergence of Xij, is given as 

rn 

div(X^) = (AV(0), AV(0)) +^(-Ve,A^'~'V(</>),Ve,AV(0)) 



(aV(0),aV(0)), 



by the assumption. Integrating this over M, we have 

0= / diy{X^)vg^ f (AV(0),AV(0))7;g, 
Jm Jm 

which implies aV((/i) =0. □ 
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Lemma 2.9. Let I = 1,2, ■■■ . If aV((/i) = 0, then 



Proof. Indeed, by computing the Laplacian of the 2Z-energy density e2i{<f>), we have 
(8) -(v*V(A^'"'V(0)),A^'"'V(</>) 

m 

= J2 (Ve. A^'"'V(^), Ve. A^'"'V(^)) > 0. 
i=l 

By Green's theorem J^^ Ae2z((/))wg = 0, and ([5]), we have Ae2z((/)) = 0. Again, by 
dS]), we have 

Ve, A^'""t(0) = 0, (^ = l,•••,m, ? = 1,2,---). 

□ 

Theorem 2.10. Let I ^ 1,2, ■■■ . // aV((?!)) = or Ve. A^'~^V(0) = 0, 

[i = 1,2, - • • ,m), then (j) : M ^ N from a compact Riemannian manifold into a 

Riemannian manifold is a harmonic map. 

Proof. By using Lemma [ZH [2:91 we have Theorem [2l0l □ 



3. The second variational formula of the fc-ENERGY 

In this section we calculate the second variation of the /c-energy. 

Now let (f> : (M, g) — >■ {N, h) be a fc-harmonic map (fc = 1, 2, • • • ). We consider 
a smooth variation {0t^r}t,rG/e (-^e = of with two parameters t and r, i.e. 

we consider the smooth map F given by 

F:I,xI,xM^ N,F[t,r,p) = 

where F{{), 0,p) = (j)o,oip) = '/'(p)> for aU p G Af. 

The corresponding variational vector field V and W are given by 

w{p) = ^|r=o'/)o,r e r0(p)iv. 

V and are section of (j)-^TN, i.e. S r((/)-ir7V). 

The Hessian of E'fc at its critical point (j) is defined by 

H{Ek)^{V,W) = -^^\[t,r) = (mEk{4>t,r). 

Theorem 3.1. Let (p : {M,g) {N,h) be a 2s-harmonic map (s — 1,2,---). 
Then, the Hessian of the 2s— energy E2s at 4> is given by 

HiE2s)4>{V,W) ^ f {V,J2siW))vg, 

J M 

where, 

J2s{W) = -l2s + Ihs + 11 hs + IV2S. 



THE SECOND VARIATIONAL FORMULA OF THE fc-ENERGY AND fe-HARMONIC CURVES9 

where, 

72, = - A^V + ~K^'~^R^{W, dcl){ej))d(j){ej) 

2s-l 

+ J2 A'-'{-Ve,i?^(M/,#(e,))A'^"'-V(</.) 
1=1 

-ii^(W,#(e,-))Ve,A'^"'"V(</') 
+ ii^(W^,#(Ve,e,-)A'^"'"VW}, 

+ a""" V + ~K^'~^R^{W, d<f){ej))d(j){ej) 

l2 = l 

- i?^(W,#(e,))Ve,A''*"''"'T(<^) 

+ R^'iW, #(Ve, ej) a''"''"VW}}, d(l>{ei))d(l>{ei) 
+ i?^(A''"V(<^),Ve,W^)#(eO 
+ i?^(A''"V(<^), #(eO)Ve, W^, 

///2. = - (V^^^^,+,-.^(^ji?^)(A^-'" V(.^), W)#(e,) 
-(Vf3-,-i^(^^ii^)(W^,Ve,A^+'"V(</-))#(eO 
+ i?^(-Ve,; A'+'" V + Ve,A'+'"^ii^(W^, d0(e,))#(e,) 

s+(-2 

+ {Ve,A'=-'{-Ve,i?^(H^,#(e,))A'+'"'"'V((/.) 

+ (i</>(e,))A'+'"V(0), A*"'" V(0))d0(eO 

+ i?^(Ve,A'+'"'T(<^), {-a'" V + A'"'"'i?^(W^, dct>{ej))d(P{ej) 

+ 'f]'{A'^-'{-Ve,i?^W#(e,))A^"'"'"'VW 

i2 = l 

+ d4>(ye, e,)A'"'"'"'V(<^)}})#(e,) 

+ i?^(Ve,A^+'"V(<^),A^"'"V(</.))Ve,W^, 
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+ {-A'^^^'w + A'^^'^ {W,d(f>{ej))d^{e,) 

l2 = l 

- #(e,))Ve, A'+'^'"'V(0) 

+ i?^(W^,#(Ve,e,)A'^'"'"'V(0)},Ve,A'"'"V(0))d0(e,) 
+ i?^(A'+'"V((^), {-Ve. a'" V + Ve, A'"'"'i?^(M^, d(/)(ej))rf(/'(ej) 

+ {Ve.A'^"'{-Ve,i?^(T4^,d^(e,))A'"'"'"'V(</)) 

- i?^(W^,d0(e,))Ve, A'"'"'"'V(0) 
+ i?^(W^,d0(Ve,e,)A''"'"'"'V(0)} 
+ R^{W, d0(e,)) A'"'" V(0)})d0(e,) 

+ i?^(A'+'"V(0),Ve.A'"'"V((/.))Ve,W^. 



Proof. By (O, we have 



1 92 

(V dF(^), -A''"V(F) + i?^(A''"V(F), dF{e,))dF{e,) 



+ ^{i?^(Ve,A^+' V(F),A^ V(F))di^(e.) 
1=1 

- i?^(A'+'"V(F), Ve, A^"'"V(F))dF(e,)})t;g. 
+ |^^(F(^),V^{-A'^~V(F) +i?^(A'^"V(^^),dF(eO)dF(e.) 



I M 

-1 



■5^{i?^(Ve,A'+' V(F),A^ ' V(F))di^(eO 



(=1 



i?~(A'+' V(F),Ve,A-' ' \{F))dF{e,)}})v,. 



Then, puttmg t=0, the first term of (|9]) vanishes. Thus, we calculate the second 
term of © 

Using Lemma [2?2J we have 



VjlA'' V(F)|t=o=/2s. 
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V ^R"" {K^''\{F),dF{e,))dF{ei) 

Or 

+ (K^"'^ .y JLdF{e,))dF{e^)) 

Or 

+ i?^(A''"', dF(e,))VjLdF(e,)), 

Or 



Using second Blanch's identity, Lemma [2?2l we have 



VjLi?^(A'' \{F),dF{e,))dF{e{)\t^o = Ihs- 

Or 

V^i?'^(Ve.A'+'"V(F),A'"'"V(F))dF(eO 

Or 

= (V^^^(^)i?^)(Ve.A^'^'"V(F),A^"'-V(F))di^(e.) 
+ i?^(VjLVe.A'+'"V(F),A'"'"V(^^))dF(e,)) 

Or 

+ R^ yeA"^^'\{F)y jLA"'''\{F))dF{e,)) 

Or 

+ i?^(Ve.A'+'"V(i^),A'"'"V(i^))V^dF(e,)), 



Using second Blanch's identity, Lemma [2^ and Lemma [2731 we have 



Voi?^(Ve,A'+' V(F),A' ' \{F))dF{e,) ^ Ilhs- 

Or 

VjLi?'^(A'^'"V(F),Ve.A'"'"V(F))dF(eO 

Or 

= (V^^.(^)i?^)(A^^'"V(^^),V,.A^-'-V(F))dF(eO 
+ i?^(Va A'+'"V(F),Ve,A''"'"V(i;^))di;^(e,)) 
+ i?^(A'+'"V(F),V8 Ve.A'"'"V(^^))d^^(e,)) 

Or 

+ i?^(A'+'"V(F),Ve,A'"'"V(i^))VodF(e,)), 

Or 



Using second Blanch's identity, Lemma and Lemma 1^31 we have 



VjLi?'^(A'+' V(F),Ve,A' ' \{F))dF{e,)^IV2s. 

8r 



Theorem 3.2. Let cj) : {M,g) — >■ (A^, h) be a (2s + \)-harmonic map (s = 0, 1, • • • ). 
Then, the Hessian of the (2s + l)-energy i?2s+i o,t (p is given by 



J2s+l{W) = I + Ihs+l + IIhs+1 + IV2S + I + V2S+I, 



□ 




where. 
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where, 

2s 

+ ^A'-'{-Ve,i?^(VF,#(e,))A'^-V(</.) 
1=1 

-i?^(W,#(e,))Ve,A''-V(</,) 
+ i?^(W^,#(Ve,e,)A''"V(<^)}, 

Ihs+i = - (V^2,-i^(_^^i?^)(d(/'(e,), W)dcf,{e,) 
-{V^^^e,^R'')iW,A''-\md^{e,) 

+ a' V + A^'"'i?^(W, #(e,-))#(e,) 

+ '£'{A'^-'{-Ve,i?^(M/, #(e,))A'^-'=^-V(</.) 

^2 = 1 

- R'^iW, #(e,-))Ve, a'^"''" V(.^) 

+ #(Ve,e,)A''"''" V(.^)}}, #(ei))#(ei) 

+ i?^(A''-V(<^),Ve,W^)#(eO 

+ i?^(A''"V(0), #(eO)Ve, 

77/2.+1 = - (V|^^_,+,_.^^^^i?^)(A^-'- V(</.), W^)#(e,) 
-(V^3-,-ii?^)(W^,Ve,A'+'"V(<^))#(e,) 
+ i?^(-Ve,A'+V + Ve,A'+'"^i?^(W^,#(ej))d</)(ej) 

s+i-l 

+ ^ {Ve,A'^"'{-Ve,i?^(VK,#(e,))A^+'"'"'V((/.) 

l2 = l 

- i?^(W^,d0(e,))Ve, A'+'"'"'V(</.) 

+ d0(e,))A'+'" V(0)}, A'"'" V(0))d0(ei) 

+ i?^(Ve.A'+'"V(0),{-A'"V + A'"'"'E^(VF,#(ej))d0(ej) 

+ '5^'{A'^-'{-Ve,i?^(W^,#(e,))A^-'-'-'V(.^) 

^2 = 1 

- i?^(W^,d0(e,))Ve, A'"'"'"'V(<^) 

+ R'^iW, d0(Ve, e,)A'"'"'"'V(<^)}})#(ei) 
+ ii^(Ve,A^+'"V(<^),A^-'"V(<^))Ve,T^, 
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1^2, =- (Vf.+,_.^(^^i?")(Ve,A^''"V(0),W-)d0(ei) 
-(V^^^_._,_.i?^)(W^,A^+'-V(</.))#(eO 
+ i?^(-A'+V + A'+'"^ii^(W, #(e,))#(ej) 

+ '^'{A'^-^{-Ve,i?^(W^,#(e,))A^+'-^-S(0) 
;2=i 

- ii^(W,#(e,-))Ve,A'+'"'"'V(</.) 

+ ii^(W,#(Ve,e,)A'+'"'"'V(0)},Ve,A'"'"V(<A))#(eO 
+ E^(A'+'" {-Ve. a'" V + Ve, A'"'"^ii^(W, #(e,))#(e,) 

+ J2 NeA''~\-Ve,R''{W,dcl^{ej))A'-'-'-'\{ct>) 

l2 = l 

- R'^iW, ci0(e,))Ve, A'"'"'"'V(</.) 
+ d0(Ve,e,)A'"'"'"'V(</.)} 

+ d0(e,))A'"'" V(0)})d0(eO 



V2S+1 = - (V^^^^3-,^(^^i?^)(A^-V(^), W^)#(eO 
- (^S-V(0)^'')(^'^e.A^"V(0))#(eO 
+ i?^(-Ve, A V + Ve, A'"^i?^(W, d(t>{ej))d(j){ej) 

s-1 

+ ^{Ve,A'="'{-Ve,ii^W#(e,))A^"'^-V(<^) 

(2 = 1 

+ i?^(W^,d0(Ve,e,)A'"''"V(./))} 
+ i?^^(W^,d0(e,))A'"V(0)},A'"V(0))d^(e,) 
+ i?^(Ve. A'~ V(</.), {-A V + A'"'i?^(M/, rf(/)(ej))d(/.(e,) 

+ 2{A'^"'{-Ve,ii^W#(e,-))A^"'^"VW 

(2 = 1 

-i?^(W^,d0(e,))Ve,A'^'^'V(0) 
+ i?^(W-,d0(Ve,e,)A'"'^"V(<^)}})#(eO 
+ i?^(Ve, A"" V(</.), A^" V(0)) Ve, W^. 
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Proof. By ([5]), we have 
1 

= ljV^dFi^^),-A'\iF)+R^(A''-\iF),dFie,))dFie,) 

s-l 

+ J2{R''{V,^A'^'-\{F),A'-'-\{F))dF{e,) 
1=1 

-R^(A'^'-\{F),V,^A'-'-\iF))dF{e,)} 
(1°) + R''{VeA'''T{F)X''riF))dF{e,))vg. 

+ ljFi^^),V^{~A'\{F) + R^(A''^\{F),dFie,))dFie,) 

s-l 

+ ^{i?^(V,^A^+'"V(F),A^-'-V(F))dF(e,) 
1=1 

-i?^(A^+'-V(F),Ve,A^"'-V(F))dF(e,)} 
+ R''iVeA^'\iF)X''r{F))dF{e,)}})v,. 

Then, putting t=0, the first term of (|T0)) vanishes. Thus, we calculate the second 
term of pU|) 

Using Lemma 12.21 we have 

V a A'V(f^)|t=0 = hs+l. 

ar 

V^R''{A^'-\{F),dF{e,))dF{e,) 
= (V^^(^)i?^)(A'^'"\dF(e,))df^(e,) 
+ R^{y^A^'-\dF{e,))dF{e,)) 
+ R^ (A^"'\V ^dF{e,))dF{e,)) 

Or 

+ R^(A''-\dF{e,))^^dF{e,)), 

Using second Bianch's identity. Lemma we have 

V^^R''(A^'~\{F),dF{e,))dF{e,)\t=o = Ihs+i- 

V^i?'^(Ve.A'+'"V(F),A'"'"V(^^))d^^(e,) 

=(V^^(^)i?^)(Ve.r+'-V(^^),A^-'-V(F))dF(e,) 
+ R''{V^VeA'^''\{F)X''''r{F))dF{e,)) 
+ i?^(Ve.A'^'"V(i^),V^A'"'"V(F))dF(ej)) 
+ R^{VeA'^'''riF)X^'''riF))y^dF{e,)), 

Using second Bianch's identity. Lemma [2^ and Lemma [2.31 we have 
VjLi?'^(Ve.A'+'~V(^^), A'"'"V(F))dF(e,) = Ilhs+i- 

Or 
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V^i?^(A'+' V(F),Ve.A' ' \{F))dF{e,) 

+ i?^(V^A'+'"V(F),Ve.A'"'"V(F))rfF(e,)) 
+ i?^(A'+'"V(F),V^Ve.A'"'"V(i^))dF(ej)) 
+ i?^(A'+'"V(F),Ve.A'"'"V(i^))V^di^(e,)), 

Using second Bianch's identity, Lemma and Lemma we have 
V_^i?^(A'+'"V(F), Ve.A'"'"V(F))dF(e,) = IV^s+i- 



=(V^^(^)i?^)(Ve.A^"V(^^),r-V(^))di^(e,) 
+ i?^(V^Ve.A'^V(F),A'"V(^^))d^^(e,)) 
+ i?^(Ve.A'"V(F),V^A'~V(i;^))di;^(ej)) 
+ i?^(Ve.A'^"V(F),A'"V(F))V^dF(e,)), 

Using second Bianch's identity, Lemma and Lemma [^751 we have 
^s_R^(yeA''^T{F),'K'\{F))dF{e,) = ^2^+1. 

□ 

Definition 3.3. Assume that : {M,g) — {N,h) is a fc-harmonic map. The op- 
erator Jfc on r(0^^TA^) is the 2fcth order self-adjoint elliptic differential operator, 
so that it has a spectrum consisting of discrete eigenvalues Ai < A2 < • • • < At < 
• • • with their finite multiplicities. Denote by E^^ , E^^ , • • • , the corresponding 
eigenspaces in T{<p^^TN). Then, the definitions of k-index and k-nullity are given 

by 

indexfe((/)) = dim(©A<o£^A): 

nullity ^^^(0) = dimi^Q. 

And <j> is weakly stable if index = 0, i.e., H{Ek)4,{V, V) > 0, for aU V E r{(p-'^TN). 
(j) is unstable if it is not weakly stable. 



Proposition 3.4. Any harmonic map is weakly stable k-harmonic map. 
Proof. Casel. k = 2s, {s = 1, 2, • • • ). 
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By assumption we have 
(11) 

H2s{V,V)^ f (y,-(-A'V + A''~'i?^(F,d0(e,))d0(e,)) 
Jm 

+ A^'" V + A^'"^i?^(F, d0(ej))d0(ej), d<?!)(e,))d0(e»))?;g 

= / {-V,-A'^"V + A^''^R'^{V,d(j){ej))d(t){ej))vg 
Jm 

+ [ (i?^(^,d</)(e,))d0(e,),-A''"V + A''"'i?^(F,d0(e,))d0(e,))«g 

JM 

= [ II - AV + A'~'i?^(T/,d0(e,))#(eO||% > 0. 
Jm 

Case 2. 2s + 1, (s = 0, 1, 2, • • • ). 
By assumption we have 

(12) 

H4>{V,V)^ f (F,-(-A'^+V + A'^i?^(F,d0(e,))d0(e,))) 
Jm 

+ i?^(-A^V + A^'"^i?^(T^,d0(ej))d0(ej),d<?!>(e,))d0(e,))i's 

= / (-y,-A''+V + A''^i?^(F,d0(e,))d0(e,))«3 
Jm 

+ [ (i?^(F,d0(e,))d</>(e.),-A'V + A''~'i?^(F,d0(e,))d0(e,))«g 
Jm 

= ( ||V(-AV + A'"'i?^(F,d0(e,))d0(ej))||2wg > 0. 
Jm 

□ 

Corollary 3.5. Assume that cj) : {Al,g) — > (N, h) is a harmonic map. Then, 

nullityfe(</.) ^{V e r{(p-^TN); J{E'"'^ J{V)) = 0}. 
Proof. If (j) is harmonic map, then, t((/)) = 0. Thus we have 

Uv) = j(a'-V(t/)), 

for ah V e r(0~^TA^). Therefore, we have the coronary. □ 

4. The fc-HARMONIC MAPS INTO THE PRODUCT SPACES 

In this section, we describe the necessary and sufficient conchtion of fc-harmonic 
maps into the product spaces. First, let us recall the result of Y.-L. Ou [3]. 

Theorem 4.1 ([4 ). Let ip : {M,g) (iVi,/ii) and -0 : iM,g) (A^2,^2) be two 
maps. Then, the map 4> ■ iM,g) — >■ (A^i x N2,hi x /12) with 4>{x) — {(p{x),ilj{x)) 
is 2-harmonic if and only if the both map ip or ip are 2-harmonic. Furthermore, if 
one of if or Ip is 2-harmonic and the other is a proper 2-harmonic map, then (j) is 
a proper 2-harmonic map. 

We generalize Theorem 14.11 for fc-harmonic maps. Namely, we have the following 
theorem which is useful to construct examples the fc-harmonic maps. 

Theorem 4.2. Let tp : {M,g) -> {Ni,hi) and %p : {M,g) — (A^2,^2) be two maps. 
Then, the map 4> ■ {M,g) — >■ (iVi x N2,hi x /12) with (pix) = {'^{x),i^{x)) is k- 
harmonic if and only if the both map ip or ip are k-harmonic. Furthermore, if one 
oftp orip is harmonic and the other is a proper k-harmonic map, then (p is a proper 
k-harmonic map. 
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Proof. It is easily seen that 

(13) d(f>ix) = dip{x) + d(t>{x), MX e r(rAf). 

It follows that 

(14) V^d0(r) = V^d(^(r) + V^dV(>'), X,Y eV{TM). 

where, is given by = V^^(^), VX G T{TM). 

Let {ei}^]^ be a local orthonaormal frame on {M,g) and Y ~ Y'^Ci, then 
d(p{Y) = Y^(pf{Eaip), for some function ip" defined locally on M. A straight 
forward computation yields W^d(p{Y) = V^d(^(F), r((/)) = t((/3) +t(^), A^r(0) = 
A;^t((^) + A^t('!/;). And we notice that A^T{(p) is tangent to A^i, A^r(-i/;) is tangent 
to N2. So we have 

A^(A^r(0)) - A^(A^r(^) + A^r(V')) 

= A^(A^r(^)) + A^(A^r(V.)). 

Simillary, 

A*^r(0) = A*^r(<^) + A*^r(V). 

for ah t = 0,1,2,- •• . 

We use the property of the curvature of the product manifold to have 

i?^^x^^(A;T(0),d</>(e.))d0(eO 

=R^'(AlT{^),d^{e,))d^{e,) + R''-{K'^T{i^),d^:{e,))di:{e,). 

Simillary we have 

i?^^x^HA;r(0),A;r(0)) 

(A;r((p), a1t(^)) + i?^^ (A;t(^), A;t(^)), 



^"'^^^^(Vt(x)A;r(0),A;r(<^)) 

=^'^^(Vr^(x)A;r(^),A;r(^))+i?^HV^^(^)A;r(^),A;r(V^)), 



i?^^x^^(A;r(0),V^,(^)A;r(<^)) 

=i?^^(A;r(^), V^^(^)A;r(^)) + i?^HA;r(^), V^^^^^ A^rlV^)), 

for aU <, s = 0, 1, 2, • • • , and for all X e T{TM). 

Thus using Theorem 12.51 12.61 we have the theorem. □ 



The following corollary generalizes Corollary 3.4 in [3]. 

Corollary 4.3. Let ip : {M,g) — >■ {N,h) be a smooth map. Then, the graph 
4> '■ {M, g) — >■ (M X N, g X h) with 0(x) = (a;, tpix)) is a k-harmonic map if and only 
if the map ^ : (M,g) — >■ (N, h) is a k-harmonic map. Furthermore, if ip is proper 
k-harmonic, then so is the graph. 

Proof. This follows from Theorem 14.21 with ip : {M,g) — > [N, h) being identity map 
which is harmonic. □ 
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5. fc-HARMONIC CURVES INTO A RiEMANNIAN MANIFOLD WITH CONSTANT 

SECTIONAL CURVATURE 

As well known harmonic map always biharmonic map. And by Corollary 12.71 
harmonic map is always fc-harmonic map. In this section we consider the next 
problem. 

Problem 5.1. biharmonic map is always fc-harmonic map (fc — 2,3,- ••) ? More 
generally, for s < t, s-harmonic map is always t-harmonic map ? 

First, the Frenet-frame is given as follows: 




7' = T , \/^,T = kN , V^,N = -kT, 
(T, A^) = , (T, T) = 1 , (A^, A^) = 1, 



where k is the geodesic curvature and (•, ■) ~ h the Riemannian metric on A^. Then, 
we have the following. 



Proposition 5.2. Let 7 : / — >■ (A^, (•, •)) he a smooth curve parametrized by arc 
length from an open interval of R into a Riemannian manifold {N'^, {■,■)) with 
constant sectional curvature K . Then, ^ is a 3-harmonic curve if and only if 

|kk(3)-2k3k' + 2k'k" = 0, 
where k is the geodesic curvature of ^ . 
Proof. We calculate {\I^,\J^,fT{j) as follows. 

(Vi^V^)V(7) = _ i2{n'f - IQi^n" + - in{n'f)N 
^^'^^ + (-5kk(^) + IOk^k' - IQk'h")T. 

Therefore, 7 is 3-harmonic if and only if 

(k^'') - 12(k')^ - IOk^k" + - 3k(k')^ + K{n" - 2k^))N 
^^^^ + (-5kk(^) + IOk^k' - 10k'k")T = 0. 



So we have Proposition 15.21 □ 



Corollary 5.3. Let 7 : / — >■ (A^^, (•,•)) be a 3-harmonic curve parametrized by 
arc length from an open interval o/M into a Riemannian manifold {N'^, (■,■)) with 
constant sectional curvature K > 0. If geodesic curvature n is constant, k = \J2K . 

Proof. We can show this corollary by a direct computation. The proof is omitted. 

□ 



Proposition 5.4. Let 7 : / — > (A", (•,•)) be a smooth curve parametrized by arc 
length from an open interval of R. into a Riemannian manifold (A^", (•,•)) with 
constant sectional curvature K . Then, 7 is 2s-harmonic curve if and only if 
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r2.(7)=(Vi^V^)2-V(7) 



(19) 



+ K{{v^,v^,r-Mi) - (7', 

-X:A'{(((Vi^V^)-'-V(7),7')Vi^(Vi^Vi^)^+'-V(7))} 



-(7',Vi^(Vi^V^)^+'-V(7))(Vi^Vi^)-'-V(7)) 
-((Vi^(V^Vi^)-'-V(7)),7')(Vi^V^)''+'-V(7) 
+ (7', (Vi^Vi^)^+'-V(7))V^(V^Vi^)-'-V(7)} = 0. 
Proof. We only notice that 



iy,W)Z = K{(W, Z)V - {Z,V)W), 

(7', 7') = 1- 

We get the proposition. □ 
Similarly we have 

Proposition 5.5. Let 7 : / — )■ {N"^, {■,■)) be a smooth curve parametrized by arc 
length from an open interval 0/ M into a Riemannian manifold [N"^, {■,■)) with 
constant sectional curvature K . Then, 7 is (2s + l)-harmonic curve if and only if 

r2.+i(7)=-(V^V^fM7) 

- K{{W^,W^,r-'r{^) ~ (7', (V,^V,^)^-V(7))7'} 



^A'{(((V^Vi^)-'-V(7),7'>V^(Vi^V^)^+'-V(7))} 



1=1 



(20) - (7', V^(V^Vi^)^+'-V(7))(Vi^Vi^)-'-V(7)) 

-((V^(V^Vi^)-'-V(7)),7')(V^V^)^+'-V(7) 
+ (7', (V^V^()^+'-V(7))V^^(V^^V^;)^-'-V(7)} 



+ (((V,^V^)-V(7),7')V,^(V^Vi;()-V(7))} 
(7', Vi^(Vi^V^;)-V(7))(V^Vi^)-V(7))} = 0. 



Using these propositions, we show the following propositions. 

Proposition 5.6. Let 7 : / — > {N'^, {■,■)) be a 2s-harmonic curve (s — 1,2,---) 

parametrized by arc length from an open interval of R into a Riemannian manifold 
(7V^, (•,•)) with constant sectional curvature K > 0. If geodesic curvature k is 
constant, k — ^ (2s — X)K . 

Proof. By assumption, for all t = 0, 1, 2, • • • 

(Vy Vy)*T(7) = {-X^n^'^^N, 
Vy(VyVy)*T(7) = -(-l)*^2*+2iV. 

Using these and Proposition 15.41 we have 

r2s(j) = - n^'^^N + K{n^'~'^N + 2K{s - ly'-'^N) 
=K^'-'^{-K^ + (2s - \)K)N = 0. 
Therefore we have the proposition. □ 



20 



SHUN MAETA 



Proposition 5.7. Let 7 : / — > {N'^, {■,■)) be a (2s + \)-harmonic curve (s = 
0, 1, 2, • • • ) parametrized by arc length from an open interval ofM. into a Riemannian 
manifold (iV^, (•, •)) with constant sectional curvature K > 0. If geodesic curvature 
K is constant, n — \/2sK . 

Proof. By assumption, for alH = 0, 1, 2 • • • , 

(Vy Vy)*T(7) - {-Ifn^'+'N, 
Vy(VyVy)V(7) = -(-l)*«2*+^iV. 

Using tiiese and Proposition 15.51 we have 

T2.+1 (7) = - K*'+^iV + Kk:^'~^N + 2K{s - 1)k^'-'^N + Kn'^'-^N 
=k*""^{-k2 + 2sK}N = 0. 

Therefore we have the proposition. □ 



Therefore, we get the answer of Problem 1 5. II For s < t, s-harmonic map is not 
always f-harmonic map. 

Fianlly, we determine that the ODEs of the 3-harmonic curve equations into a 
sphere. 

Proposition 5.8. Let 7 : / — > S"" C M"^^ be a smooth curve parametrized by arc 
length. Then 7 is 3-harmonic curve if and only if 

(21) -7^'' - 27'*^ - (2513 + 3)7" + 4(7237' + (1 + 9524 + 8333)7 = 0, 

where gij = 5o(7*'*'' 1 7^"''')j (*j j — 0,1...), and go is the standard metric on the 
Euclidean space R""*"^. 



Proof. 

V°,7' = ^(7',7') + Vy7', 

which yields that 

Vy7' = V°,7' + 5(7',7')7- 
Therefore, we have V^'7' = 7" + 7. Similarly, 

(Vy Vy)(Vy7') = 7^'^ + 7" + (513 + 1)7- 

(VyVy)2(Vy7') 

(22) = 7^'^) + 7(4) + (gi3 + 1)7" + (2.923 + 3314)7' 

+ (1 + 533 + 3.g24 + 3515 + 322 + 3313)7, 

(23) i?'^(Ar(7), 7')7' - -7''^ - 7" - (.9i3 + 1)7 + 5i47', 



(24) i?^(Vy r(7), 7')7' = -(.9i3 + 1)7" - (ffis + 1)7- 

where, we used 313 = -322 , 3i4 = -3323 , 9i5 = -3333 - 4324- So we have 
Proposition [niHl D 
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